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PROBLEM STATEMENT

In Olympus two twins were born: Bin and Ter. As children of gods, they have special powers: they
already know all natural numbers (an infinity). Bin prefers base 2 and Ter base 3. They play by applying
circular permutations on numbers (written in their preferred bases). For instance:

Bin(26) = Bin(10110,) = 01011, =1011, =11
Ter(25) =Ter(2213) = 1225 =17

a) The children enjoy more when the numbers drop. They would like to play together and transform as
many numbers as possible into 1, applying each his permutation (if needed). Example:

7=21, —1 512, =5 =101, —2> 110, —2> 11, =10, ——> 1

Which are the numbers that the children can transform into 1 ?

b) Are there any numbers that can be made as large as desired by applying the permutations above ?
c) Generalizations.

THE MAIN IDEA

We will show that any natural number N can be transformed into 1 by applying circular permutations
and convenient representations using bases 2 and 3.

The basic idea relies on continuously reducing the number of symbols used for representing number N
based on a set of key observations.
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OUR SOLUTION: KEY OBSERVATIONS

0O1: Numbers 1 = 1,, 2 = 10, and 3 = 10; can be obviously transformed into 1 by using the allowed
operations.

02: All 0 digits that may appear in the corresponding base-2 or base-3 representation of N can be
deleted.

Proof:

After repeatedly applying circular permutations until such a 0 symbol arrives on the left-most position
it can be deleted since it becomes irrelevant.

03: If N > 3 admits an all-1 base-2 representation it cannot admit an all-1 base-3 representation and
vice versa.

Proof:(1)

An all-1 base-2 representation of N > 3 has the form 2" —1, while an all-1 base-3 representation has

m

the form , with m, n > 1 natural numbers. Let us suppose that there exist m, n > 1 such that(2):

3" -1

2" 1= =2 =3" 4]

For even m we have:
m=2k:2™=3"4+1 2™=3%41 2™ =09"4]
2M=@+D*+1 2™=M,+2 2"=M,+1 n=0,m=0
For odd m we have:
m=2k+1: 2" =3"4+1=2" =34 1=2"=39"4+1 =
— 2! :3-(8+1)k +1= 2! =3-M, +4 = 2" =3M,+1=>n=1m=1
Since in both cases the condition m, n > 1 is not met we conclude that observation O3 is true.

04: A base-3 representation of N that has symbol 2 on its right-most position cannot admit an all-1
base-2 representation.

MATh.en.JEANS 2018-2019 National College lasi
Page 2



Proof:
A base-3 representation of N with symbol 2 on its right-most position has the form M, +2, while an

all-1 base-2 representation of N has the form 2" — 1.

According to the parity of n we may have:

n=2k:2"-1=2% -1=4"-1=0@+D)" -1=M, = M, +2

n=2k+1:2"-1=2""-1=2.4" -1=2.3+) = 1=M, + 1= M, +2

OUR SOLUTION: THE ALGORITHM

Step 1: we start by generating the base-2 representation of N and successively eliminate all the 0
symbols that may appear, by applying circular permutation (according to 02).

Step 2: we generate the base-3 representation of the number from the previous step. According to 03,
this is not an all-1 code, thus we may eliminate all 0 symbols, if any.

Step 3: if the number from Step 2 is an all-1 code, then we generate the corresponding base-2
representation, that is not an all-1 code (according to 03). We further eliminate all 0 symbols by circular
permutations, as in Step 1.

If the number from Step 2 contains some symbols 2, we apply circular permutations until we get a 2 in
the right-most position. Then, we generate the base-2 representation of this number, that is not an all-1
code according to 04, and eliminate the 0 symbols, as in Step 1.

Step 4, 5, ...: we repeatedly apply Steps 1-3 before, continuously decreasing the number of symbols used

in base-2/3 representations, until we get 1.

OUR SOLUTION: EXAMPLES

We present below several examples showing the operating mode of our algorithm. The solution has also
been implemented and tested in MATLAB.

100,y = 1100100, —*<<2 111, —222 9, Crepem

Circ.perm. base-2 delete 0 base-3
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1001,, = 1111101001, —%® 5 1111111, —2%2 5 11201, —&lel

delete 0 1 1 123 base—2 10 100 12 delete 0 ) 1 1 12 base-3 > 213 Circ. perm. )

Circ. perm. N 123 base—2 5 1012 delete O 5 112 base—3 5 103 1

1100100,

Delete O’V\'@ J N = 10010

‘ Base-2 representation
111,(B

'\& (—\ Circular permutation
‘DY 12,
Delete 0‘5/—\v E
10

Base-2 representation
2
il

G /\Delete 0

Base-3 representation 103 Q

PermutationDigits.m ‘ri + !

~|function [out] = PermutationDigits(n);
out = [num?str{n]}; >» [out] = PermutationDigits (1001)
out = strecat{['N: ',out]):;

N = dec2base(n,2): % base-2 representation

strText = strcat(['Base-2 code: ',N}):
out = strvcat(out, strText):;

out =

N: 1001

Base-2 code: 1111101001

Delete O's: 1111111

N{N=="0") = []: % delete any 0's Base-3 code: 11201

strlext = strecat(['Delete 0'"3: ',N1); Delete O's: 1121

out = strvcat (out, strText); Circular permutation:
""""" Base-2 code: 101001

[Nwhile numel(N) > 1 Delece 0's: 111

Basze-3 code: 21

Del O's: 21
N = base2dec(N,2): % base-3 representation ete s

N = dec2base (N, 3):
sctrText = strcat([*Base-3 code: ',N]):

Circular permutation:
Base-2 code: 101
Delete 0's: 11

out = strvcat{out, strText); Baze-3 code: 10
Delete 0'=s: 1

N(N=='0"') = []: Base-2 code: 1

strText = strcat(['Delete 0''=s: ' N])- Delete O's: 1

out = sgrycssd



CAN WE GET ARBITRARILY LARGE NUMBERS?
We don’t have a definite answer to this question, but several aspects are worth thinking over:
Under what conditions the numbers stop growing further?

Denote by Max,(n) the largest number that can be obtained by circular permutation of a n digits code
using base-2 representation and by Max;(m) the largest number that can be obtained by circular
permutation of a m digits code in a base-3 representation. Consider a natural number N represented in
base 2 by a n digits code. Suppose Max,(n) admits a m digits code in base 3, if Max,(n) = Maxs(m), then
the growing process stops.

Should the growing process be strictly monotonic?

Should we always look for the greatest number that can be obtained by circular permutation at every
iteration of the algorithm (given the base-2 or base-3 representation)?

GENERALIZATION

Generalization of 03: Consider representations of a natural number N in base-p and base-q, with
P>q = 2 natural numbers. An all-1 base-p representation should not admit an all-1 base-q

representation and vice versa, hence:

After processing the relation above we get:

n_l Vn_l _1 _
p-1_ 4 4 P - q-p
p-1  g-1 p—1 p—1

=p’,ae¥ ,weget: p" — g" # p®—1 . There exist results in the

Choosing p and g such that 9 1
p_

literature providing integer values that cannot be written in the form p" £ ¢", where p and g are prime

numbers and m, n are natural numbers.

An interesting question arises: is it possible that two geometric sequences with distinct ratios (and both
starting with 1) have the same sum of (a different number of) terms?

Generalization of O4: a base-q representation of N that has (g-1) on its right-most position should not
admit an all-1 base-p representation.
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CONCLUSIONS

“Mathematics is the queen of the sciences and number theory is the queen of mathematics.” is one of
the most famous quotes of Gauss. The proposed problem clearly illustrated this, raises interesting
challenges and generalizations worth further investigation. Software implementations of the algorithm

enable simple verification and testing of our solution.




