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Introduction

A positive fraction is said to have a nice profile if it can be written as a sum of other fractions, all
different, each one of the form 1/p with p a positive integer. For instance, the fraction 5/6 = 1/2 + 1/3
has a nice profile. There is a lot of questions that can be asked about this topic. For example, which
fractions have a nice profile? Is it possible to find general and automatic methods to write any given
fraction in this way? If a fraction has a nice profile, how many ways are there to break it down? What if
we are interested in sums of two fractions only?

Our results
Theorem 1. Any fraction of the type % " nTH",n € N*," %",n € N“and (2,n) =1,1or nT+2 "ne€
N{gyand (2,n) = 1, has a good profile, and it can be decomposed in infinitely many ways as a sum of

“m” different fractions, having the numerator “1” , for m = 3. In particular,

1 1 1 1
I 1=—+—+ . +—+—, f ddanda >3
a) 1. +2.3+ +(a—1)-a+a or a odd and a
I.Lb 1_ 1 + 1 + + 1 + 1 f ddanda >3
-b) n 1-2-n 2-3-n " (a-1)-a-n a-n’ oraoddanda =
I 2_1 1_1+ 1 + 1 4 1 4 1
) n nn n 1-2-n 2-3-n “"(a-1-a-n a-n’

foraodd,a >3 and (2,n) =1

1 (m,n) denotes the Greatest Common Divisor (GCD) of m and n.
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IL.b n+1_1+1_1+ 1 + 1 + 1 + 1
-b) n "1 1-2n 2-3-n “"(a-1)-a-n a-n’

foraoddanda > 3,n € N*

e Mt2_ .2 11 1 1 1 1
-0 n o tnTitnt 12 23 “(a-1)-a-n a-n’

foraodd,a > 3,n € N({l}and 2,n=1

may 2ttt forn >3

.d) —=1327t33 oD n orn >
. 2n-1_1.on-1_1 1 1 1
©) n 1 n 11272377 T "=

Theorem 2. Any fraction of the form g, where g = 2, (p,q) = 1 and p|q + 1 2 can be written as a

sum of two different fractions having the numerator 1:

p 1 1
q 14 al+D
p p

Proof of Theorem 1
I. FRACTIONS OF THE FORM « %”, n € N*
First, we tried to write number “1” as a sum of fractions with the numerator “1”. We used that:

1 _(m+1)-n  (n+1) n 1 1
nn+1) nn+1) _n(n+1)_n(n+1)_ﬁ_n+1

For example:

1 1 1 1 1 1 1 1
ﬁ+f3+§=1 (becauseI—E+§—§+§=1)

1 1 1 1 111 1 1 1 1
1.2+2.3+3.4+Z=1(becauseI—§+2 3+§_Z+Z:1)

1 1 1 1 1
12723 33 s sts=1!

1 1 1
1272373272556 7%
We obtained two equal fractions. In order that all the fractions are different, the last fraction must have
the denominator odd, because the denominators of the rest of the fractions are even, different.

So

=1

1 1 1 1
- 4. —+—=1,f > 1
TSty 3t (a—l) Sto= ,foraoddanda >3 €))

2p|qisread as “pis a divisor of p”.

MATh.en.JEANS 2017/18. Lycée Arago (Perpignan) Colegiul National B.P. Hasdeu (Buzau, Roumanie).

2


http://www.mathenjeans.fr/content/article-fractions-nice-profile-lyc%C3%A9e-arago-perpignan-colegiul-national-bp-hasdeu-buzau

1 1 1 1
ﬁ-l_ﬁ-l_“ +(a—1)-a+a_

2—1 3-2 a—(a—-1) 1

1.2 723" 77" T  @a=1D-a a_

2 1 3 2 a—1 (a-1) 1
1.2 12723 237 (a—-D-a (@a-D-a a
1 1 1 1 1 1 1
1 27273 et aTi T e

For example: if a = 7 we obtain:
1 1 1 1 1 1 1

1272332 75 5667777

- if a = 99 we obtain:
! + ! + 1 + ot ! +1—
1-2 2-3 3-4 98.99 99

1

1

Conclusion: The fraction % has a good profile and it can be decomposed in an infinity of ways.

If we multiply the relation (1) by “%",n € N{qyj , We obtain ;
1 1, 1 L 11
1-2'n 2-3-n “"(a-1)-a-n a-n n’

foraoddanda > 3

For example, if n = 7, we obtain:
1 1 1 1 1

—= + Fot +
7 1-2-7 2-3-7 a-1-a-7 a-7

If a = 3, then
1 1 1 1
7 1277237737
If a =5, then
1 1 1 1 1

1
7127723773273 5.7 57

I1. Fraction of the forms [1]

2 n+1 % n+2 * n-1 * 2n-1 *
;, T,Tl €EN s T,Tl € N\{l}’ T,Tl € N\{l,Z}’ T, n e N\{l}
We can also obtain:
2 1+1 1+ 1 N 1 4 1 4 1
a —_——= — —_— = — ,
) n n n n 1-2-n 2-3:n (a—1)-a-n a-n
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foraodd,a >3 and (2,n) =1
For example, if n = 7 we obtain:

2 1 1 1 1 1 1 1
A AT N A P S R s s S R
If a = 3 then
2 1 1 1 1
7 771277237737
If a = 5 then
2 1 1 1 1 1
7 7 12772377327 25.775.7
n+1 1 1 1 1 1 1
b) TZ1+E=I+1-2-n+2-3-n+m"'(a—1)-a-n+a-n'

foraoddanda > 3,n € N*

For example, if n = 7 we obtain:
8 1 1 1 1 1 1 1

AR A R N A P S e P s S

If a = 3 then
8 1 1 1 1
7-1T1 277237737
If a =5 then
8 1 1 1 1 1 1
7171272377327 357 5.7
n+2 2 1 1 1 1 1 1
© — = _:I+E+1 2.n 2-3-n  T(a-1)-an an’

foraodd,a >3,n € N{{l}and 2,n)=1

For example, if n = 7 we obtain:

9 1 2 1 1 1 1 1 1
7oi1T 7Tt Tt T g e s g T =) a7 a7
If a = 3 then
9 1 1 1 1 1
7 177 1277237737
If a = 5 then
9 1 1 1 1 1 1 1
7 17 T2 7 2373527t 5757
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mn n+1"

Conclusion: Any fraction of the form % " —"n€ N*," %n € N*and (2,n) =1, or

(Nn+2
n’ n E

n
N{{l}and (2,n) = 1, has a good profile, and it can be decomposed in infinitely many ways as a sum of

“m” different fractions, having the numerator “1”, for m > 3.

n—1 1 1 1
d) - —1.2+2.3+-- ...+(n_1).n,forn23
Examples:
Fraction 1/a 1/b 1/c 1/a 1/b 1/c
(n-1)/n=
=1/a+1/b...

1/2 1/3 1/6 - 1/3 17 1/42
1/2 1/3 1/8 1/24 1/3 1/9 1/18
1/2 1/3 1/10 1/15 1/4 1/6 1/12
1/2 1/4 1/5 1/20 - - -
2/3 1/2 1/6 - 1/2 17 1/42
2/3 1/2 1/8 1/24 1/2 1/9 1/18
2/3 1/2 1/10 1/15 1/3 1/4 1/12
3/4 1/2 1/4 - 1/2 1/6 1/12
3/4 1/2 1/5 1/20 1/3 1/4 1/6
4/5 1/2 1/5 1/10 1/2 1/4 1/20
5/6 1/2 1/3 - 1/2 1/4 1/12
6/7 1/2 1/3 1/42 - - -

We prove this result by mathematical induction:

Base clause: Let’s prove the property works for n = 2: ﬁ = 2;—1 = %
Induction clause: We assume that the property holds for n, let’s prove it for n + 1.
We have:
n
Z 1 _n- 1
i k(k—1) n
Let’s prove:

n+1

Z 1 _n
k:zk(k_l) n+1

1 v 1 1
;k(k—l)_ k=2k(k—1)+n(n+1)

n+1

n—1 1 _ (m+ -1 +1
n +n(n+1)_ nn+1)
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n-1+1_ n*  n
nn+1) nn+1) n+1

Conclusion: The property respects the base clause (n = 2) and the induction clause so it is true for
everyn € Ny
For example: if n = 7 we obtain:

6 1 1 1
7712723 " Te7
if n = 11 we obtain:
10 1 1 1
M 12723 7 TTo11
2n-1 1 n-1 1 1 1
e) a :I+ a =I+ﬁ+ﬁ+m...+m,f0rn >3
For example: if n = 7 we obtain:
13 1 1 1 1
7oit1z2tz 3Tt
if n = 11 we obtain:
21 1 1 1 1
T 1 T2 23 o

Proof of Theorem 2

Fractions of the type i + % = s , Where g is a prime number, (p,q)=1 [2]

1) i+%=%, wheren = p{* -py% - ... -pyt [3]
and py,p2, . . , ppare different prime numbers and a4, a,, ... ... ,a, € N*
Examples:
Fraction 1/a 1/b 1/a 1/b
1/n=1/a+1/b
1/2 1/3 1/6
1/3 1/4 1/12
1/4 1/6 1/12 1/5 1/20
1/5 1/6 1/30
1/6 1/7 1/42 1/8 1/24
1/6 1/9 1/18 1/10 1/15
1/7 1/8 1/56

bn+an = ab &
b(a—n)—an=0|+n?e
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b(a—n)—an+n?=n?
b(a—n)—n(a—n) = n?* &

(a' - n)(b - n) = nZ , where n2 = pial . p%az R . plzlan (2)

n? has N = (2a; + 1)(2a, + 1) - ...- (2a, + 1), natural divisors. As N is odd, the equation has
(2a;+1)(2a,+1) -.......... - (2a,+1) —1 solutions, put in order, that is, a finite number of solutions.

a) If n = p where “p” is a prime number

1 1 1
a"p=p W

We obtain from the relation (2)

(a—p)(b—p)=p°>

(a—p,b—p) e{L,p»,(.p), P>} =

(a,b) € {(1+p,p*> +p),2p, 2p), P* + p, 1+ p)}

Asa#b= (a,b)e{(1+ppl+1) (pEP+1)1+p)}

9

1
14

€ %

, Where “p” is a prime number, can be written as:
1 1 1

= +
p p+1 pp+1)

So, any fraction of the type

For example:

1 1 1 1 1 1 1 1

=878’ T 1271112 99 ~ 100 T 99-100

+

| -

b) I1f n = p - q where “p”,” q” are different prime numbers:

1 1 1

From the relation (2), we obtain

(a—p) (b —pqg) =p*q*=

(@ pab—pq) € {(1, p*a?), (p.pa?), (a.qp?), % 4%, (a* p?), (ap*, q),}
(ra®,p), (p?q* 1), (pq, pq)

Asa+b=

(a,b) € {(1 +pq,0°q* +pq), (p + pq,pq* + pa), (q + pq,qp* + pq), (V* + pq,q* + pq)'}
(4> + pq.p? + p9), (qp* + pq.q + pa), Pq* + pa,p + pq), (P2q* + pq, 1 + pq)

We have obtained 8 ordered pairs of (a,b)
If p,q € N*, the solutions we can obtain are several.
For example:

N 1 11 N 1
67’ 2:3 24 2:3-4’
1 1

+

1 —

2-3
1

N =

23 3:3 2:3:3’" 2:3 2:5 3-5
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c) If n = p? where “p” is a prime number:

QM=
S| =

1
T

From the relation (2), we obtain
(a—pH(b-p?) =p*=
(a - pz; b — pz) € {(1: p4); (P; Pg); (Pg; P); (pZ; pz); (p4' 1)} =

(ab) e {(1 +p%p* +p?), (0 +p% 0 +pD), @ +pip + pz),}
' (®® +p%p* + D), (p* +p% 1 +p?)
Asa #b
= (ab) € {“ +p4p?(P? + 1), (p(p + 1), p*( + 1), @*( + 1), p(p + 1)),}
' P?@% + D1 +p?)
We obtained 4 ordered pairs of (a, b)
1 1 1
8) Tt gy =2 forp =2
1 1 1
== >
b) oD T pParp) - P2 ,forp =2
For example:

1 1 1 1 N 1
3210 9-10° 32 3:-4 9-4

Conclusion: We can affirm that any fraction of the type: ”111 ",n € Ny, can be written like
this:

1 1 N 1
n n+l nn+1)
Proof:
1 4 1 _ n + 1 o on+1 1
n+1 nn+1) nn+1) nn+1) nn+1) n
11 p : .
2)E+B=a,whereqlsaprlmenumber,(p,q)=1;
bq + aq = apb

a(bp—q) —bq=0/-p

ap(bp — q) — pbq = 0/+q*

ap(bp — q) —pbq + q* = q°

ap(bp —q) —q(bp — q) = ¢*

(bp —q)(ap — q) = ¢*

(ap —q,bp — @) € {(1,4*),(q,9), (¢*>, D} =

MATh.en.JEANS 2017/18. Lycée Arago (Perpignan) Colegiul National B.P. Hasdeu (Buzau, Roumanie).

8


http://www.mathenjeans.fr/content/article-fractions-nice-profile-lyc%C3%A9e-arago-perpignan-colegiul-national-bp-hasdeu-buzau

(ap,bp) € {(1 +q,9* + q),(29,29),(q* + q,1+ q)}
As a # b, we obtain two ordered pairs of (a, b), only if “p|q + 1”

(@b) {<q-F1 q(q-k1)>’<q(q-kl) q-+1>

p p ' p
q(q+1)
p

If g is not a prime number, than g2 has more than 3 divisors, so the equation can also have other

Howq¢1:> > 1%

solutions.
Conclusion: Any fraction of the type “q”, where q = 2 and (p, q) = 1, can be written as a

sum of two different fractions having the numerator “1”, if

“plq + 1”.
1 1
p_1 ., 1
q qa q(q+1)
p P

Particular cases:

a) fp=2>=>q=2n+1,neN=
2 1 N 1
2n+1 n+1 (m+1)(2n+1)

b) fp=3 =q9q=3n+2,neN =
3 _ 1, 1
3n+2 n+1 (m+1)(3n+2)

c) fp=q+1 =

q+1 1+1( L)
—_— = — (see 11.
q 1 q
For example:
2_1+ 1 2_1+ 1 3_1+ 1 4_1+ 1 5_1+ 1
3 2 23’ 5 3 3-5 5 2 2:-5 15 4 4-15" 14 3 3-14’

Observation: There are fractions which can not be written as the sum of two different fractions
having the numerator “1”, because they doesn't fit the condition“p|q + 1”: [5]

5 8 9
11 11 11

\IIO\
b—*|>—\
v—\_o

5
'7

(N
SIS
\llw
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EDITION NOTES
[1] What do the five cases Il.a — Il.e have in common?

[2] If g is a prime number, then (p,q)=1 except if p is a multiple of g. But this is
impossible, since 1/a+1/b <1 except for a=b=2, thus p=q that is not interesting.
Moreover, in the following ¢ is sometimes not prime (cases IIL.b-IIl.c), so the
statements are unclear

[3] .This is stated as a condition, but it is not because any natural number can be written
in the form p;'* ... pp™.

[4] Why is this result different from those in Theorem 1?.

[5] Here you stress something different from what is proved above. You stress that if
P | g+1 is not satisfied, then the fraction does not have a nice profile. But, in Theorem
1, only the inverse implication is proved. There are actually counterexamples. For,
instance, the fraction 5/6 does fit that condition, but it can be written as 1/2 + 1/3.
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