Cet article est rédigé par des éléves. Il peut comporter des oublis et imperfections,
autant que possible signalés par nos relecteurs dans les notes d'édition.
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"God created the integers, all else is the work of man." Leopold Kronecker
The Problem. What are the integers that can be written as x* + ay? where a € Z is fixed?

Remark. Finding n € Z that can be written as x? + ay? is like looking for n € Z for which the equation
x? + ay® = n has solutions (x,y) € Z x Z. It will be noticed that some equations have no solutions, while
others have a finite number of solutions and others have an infinite number of solutions.

Using the Scientific WorkPlace Program for graphing, we will analyze the important casesa =1,
a=-—1,a=2,a= -2, discovering the solvability of equations by graphical search on circles, ellipses, lines
and hyperboles. For a=0, we will also mention the graphical answer.

We will present some general results demonstrated in number theory, which are found in the works in
the bibliography, both for a € {1,2, — 1, — 2,0} and for other values. We will also mention open problems.

A computer program could be written to generate, for each fixed a € Z, the numbersn = x* + ay* € Z
, giving values (x,y) € N X N and then ordering the generated integers. Having an infinite number of integers,
the program must be stopped running imposing an upper generation limit.

l.a>0(a=1,2,3,5,7, other cases)
Remark. Since x* + ay* =0, V(x,y) €EZ X Z=n € Z, n < 0 cannot be written as x* + ay?, (x,y) € Z X Z.
We look for n € Z, n = 0 for which there is (x,y) € Z X Z such that
n=x*+ ay®.
QUESTION 1. ¢ = 1. What are integers n € Z, n > 0 that can
be written as x? + y*?
Answer 1.1. We partially researched, by graphical analysis and
algebraic verification, which of the numbers n € {0,1,2,...,21} can be
written as x” + y?.
1) n = 0: We are looking if the circle that becomes a double point, with
the equation

x? +y?=0s(xy) = (0,0),
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passes through a point with integers coordinates (x,y) € Z X Z. We find: n = 0 = 0% + 0% (1)
2)n € Z,n = 1: We are looking if the circle with center (0,0) and radius \/n, with the equation
X%+ y? = nex? + y? = (Vn)?

passes through a point with integers coordinates (x,y) € Z X Z. By searching for n € {1,2,..,21}, i.e. looking
for the colored circles passing through integer coordinate points, we find all possible writing solutions:
red: 1=124+0*=0*+12=(—1)%*+0*2=0*+ (— 13

2=12+1*=(—1)*+1°=(—-1*+ (= 1)*=1>+ (- 13

3 cannot be written as x> + y?, i.e. there are no integers coordinates points (x,y) located on the circle
with center (0,0) and radius /3.
green:4=22402=0%+22=(—2)+0*=0%+ (—2)%
blue:

2=)122+22=(—1)2+22:(—2)2+12=(—2)2+(—1)2=(—1)2+(—2)2=12+(—

purple: 6 cannot be written as x*+y?, i.e. there are no integers coordinates points (x,y) located on the circle

with center (0,0) and radius V6.

violet: 7 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle

with center (0,0) and radius V7.

red:8=2%24+22=(—=2)>+22=(—=2)*+(—2)*=22+(—-2)%
9=32402=0%+3*=(—3)2+0%2=0%+ (—3)%

10=3*+12=124+3*=(—1)>+3*°=(—=3)*+1>=(—=3)*+ (- 1D*=(—1)*+ (—3)*=1*+(
—3)2= 32+(—1)2 ’
green: 11 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle
with center (0,0) and radius V(11);
blue: 12 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle
with center (0,0) and radius V(12);
purple:
13=32+22=2243*=(—=2)>+3*°=(—=3)*+22=(—3)*+(—2)*=(—2)*+(—3)*=2%+(
—3)2=3%+(— 2)2 ’
violet: 14 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle
with center (0,0) and radius v/(14).
red: 15 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle
with center (0,0) and radius V(15);
16=44+0°=0°+4*=(—4)*+0*=0*+ (—4)%

17=4*+12=1°44*=(—1)*+4°=(—4)*+1>=(—4)*+ (- 1D*=(—1)*+ (—4)*=1*+ (
—4)2=4%+ (—1)? ;

green: 18=3%+3%2=(—=3)2+3%2=(—3)*+ (—3)*=3*+ (—3)%

blue: 19 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle

with center (0,0) and radius V(19);

purple:

20=424+22=22+42= (=2 2+ 4 =(—4)°+ 2= (-4’ +(=2)*=(—-2)+ (- 4)2—22+(
—4)2=4%+ (- 2)2

violet: 21 cannot be written as x* + y?, i.e. there are no integers coordinates points (x,y) located on the circle

with center (0,0) and radius v/(21).
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Graphic conclusions: For n € {1,2,..,21}, completely traversing the circles of equations x* + y* = n (curves

with finite length), from the point (\/n,O) counterclockwise, we found that the numbers
1,2,4,5,8,9,10,13,16,17,18,20

can be written as x* + y?, (x,y) € Z X Z. In addition, the writing is not unique. Due to the symmetry, it is

sufficient to find the solutions (x,y) € N X N for the equation x? + y* = n, i.e. of those points on Ox,,0y, or

in the ISt quadrant that are on the circle and have coordinates in N.(2)

Remark 1.3. Letz=u + iv € C.Then

W+ vr=|z2=|2% = —v*+i 2wl = \/(uZ — UZ)Z + Quv)?
o W? —v)?% + Quv)? = (u® + vH2
A method of generating, by a computer program, the numbers n = x* + y* € N with form derived from
Pythagorean numbers, can be obtained by giving values for (u,v) € N X N, with u > v (for such a pair (u,v)
we can construct accordingly and (v,u), and (—u,v) and so on). Having obtained an infinite number of
integers, the program must be stopped running, imposing an upper generation limit.

QUESTION 2. a = 2. What are integers n € Z, n > 0 that can be written as x? + 2y2?
Answer 2.1. We partially researched, by graphical analysis and algebraic verification, which of the numbers n
€{0,1,2,..,21} can be written as x* + 2y~
1) n=0: We are looking if the ellipse that becomes a double point, with the equation
x? 4+ 2y* = 0(x,y) = (0,0),
passes through a point with integers coordinates (x,y) € Z X Z. We find: n =0 = 0% + 2 - 0%.(3)

50
y

2)n € Z,n > 1: We are looking if the ellipse with center (
0,0) and semiaxis vVn, V((n/2)), with the equation T

2yt el )+ ()
X+ =ne + =
g W \(n)?

passes through a point with integers coordinates (x,y) €
Z x Z. By searching for n € {1,2,...,21}, i.e. looking for
the colored ellipses passing through integer coordinate
points, we find all possible writing solutions:

red: 1=124+2-0*=(—1)*%*+2-0%
2=0%+2-1=0*+2-(— 13
3=1242-1*=(—-1%*+2-1>°=(—-1)*+2-(—1D*=1*+2- (- D%

green:4=224+2-0*=(—2)2+2-0%

blue: 5 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y) located on the ellipse

with x? + 2y* =5;

purple: 6 =22+2-12=(—=2)*+2-1>°=(—=2)*+2-(—=1*= 242 (- 1%

violet: 7 cannot be written as x? + 2y?, i.e. there are no integers coordinates points (x,y) located on the

ellipse x* + 2y* =7;
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red:8=0%4+2-22=0%4+2-(—2)%

9=3242-02=12+42-22=(-1)2+2-22=(=3)2+2- 0% = (-1)? +2- (=2)?
=12+ 2(—-2)%

10 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y) located on the
ellipse x* + 2y* = 10;
green:11=3%+2-12=(—=3)*+2-1*=(—=3)*4+2-(—=1)*=3%+2- (= 1)%
blue: 12=2%+2-2%=(— 2)2+2 22=(—=2)2+2-(—2)*=2*+2-(—-2)%

purple: 13 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y) located on the

ellipse x* + 2y* = 13;
violet: 14 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y located on the
ellipse x? + 2y? = 14;
red: 15 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y located on the ellipse
x? + 2y* =15;

16=44+2-0 =(—4)*+2-0%

17=3242-12=(—=3)2+2-12=(—=-3)*+2- (= 1)*=3%+2- (=13
green: 18 =42 +2-12=0+2-32=(—4)*+2-12=(—4)*+2- (- 1)*=
0242-(=3)?*=4*+2-(—-1)%
blue:19=12+2-3>=(—1)*+2-32=(—1)*4+2-(=3)*=12+2-(—3)%
purple: 20 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y) located on the
ellipse x* + 2y* =20
violet: 21 cannot be written as x* + 2y?, i.e. there are no integers coordinates points (x,y) located on the
ellipse x* + 2y* = 21.

Graphic conclusions: For n € {1,2,..,21}, completely traversing ellipses of equations x* + 2y? = n (curves

with finite length), from the point (\/n,O) counterclockwise, we found that the numbers
1,2,3,4,6,89,11,12,16,17,18,19

can be written as x* + 2y, (x,y) € Z X Z. In addition, the writing is not unique. Due to the symmetry, it is

sufficient to find the solutions (x,y) € N X N for the equation x* + 2y* = n, i.e. of those points in the It

guadrant that are on the ellipse and have coordinates in N.(4)

Remark 2.1. If n = k? k € Z then there exists the trivial writing solutionn = k? + 2 - 02 = (—k)? +2 - 0°.

QUESTION 3. a = 3,5,7. What are integers n € Zn > 0 that can be written as x* + ay??
Answer 3.1. We partially researched, in the similar way, by graphical analysis and algebraic verification, which
of the numbers n € {0,1,2,..,21} can be written as x” + ay®.
Graphic conclusions: Forn =0,0 = 0%+ a - 0% .(5) Forn € {1,2,..,21}, completely traversing ellipses of
equations x* + ay® = n (curves with finite length), from the point (\/n,O) counterclockwise, we found that the
numbers
a=3:1,3,4,79,12,13,16,19,21
a=>5:1,4,5,6914,16,20,21
a=17:147.8911,16
can be written as x* + ay?,(x,y) € Z x Z. In addition, the writing is not unique.(6)
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Remark 3.1. If n = k?, k € Z then there exists the trivial writing solutionn=k* + a- 0 = (—k)* + a - 0%

QUESTION 4. Certain a > 0. What are integers n € Zn > 0 that can be written as x? + ayz?
Answer 4.1. Graphical analysis and algebraic verification become difficult for large values of a>0 and n>0.(7)

Remark 4.1. If n = [ k € Z then there exists the trivial writing solutionn =k*+ a- 0= (—k)*+ a - 0%

Il.a<0(a= —1,— 2, other cases)
Remark. We look for n € Z for which there is (x,y) € Z X Z such that n = x* + ay*.

QUESTION 1. a = —1. What are integers that can be written as x> — y??
Answer 1.1. We partially researched, by graphical analysis in a certain region of the plane and algebraic
verification, which of the numbersn € { —21,., — 2, —1,0,1,2,..,21} can be written as x?— yz.
1) n = 0: We are looking if the hyperbola that becomes two secant lines, with the equation

x> —y*=0(x=yorx=—y)(8)
passes through a point with integers coordinates (x,y) € Z X Z.
Wefind:n=0=0*—-0*=..=(2x)*— (2 x)?=(xx)*—(Fx)’Vx€eL
2) n € Z,n > 1: We are looking if the hyperbola with the equation

=y =nel ) ()
xX° — =nee — =
g W\

passes through a point with integers coordinates (x,y) € Z X Z. The graphical analysis area must be enlarged
as a region in the plane to find at least one solution for writing n, if it exists, using (x,y) integer coordinates.
Here, we will increase the symmetric region of the plane [ — 5,5] X [ — 5,5] only partially, relative to Ox,,0y.
and I** quadrant, i.e. to [0,12] X [0,12], symmetrizing then the solutions found. By searching for n € {
1,2,..,21}, i.e. looking for the colored hyperbolas passing through integer coordinate points, we observe only
some of the possible writing solutions, those from the studied plan region:
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red:1=12—0%=(—1)>—0% (9)
2=we cannot decide from the study.
3=22—12=(=2)*—-1*=(=-2)*"—(—1)?*=2 - (-1~
green: 4=22-02=(-2)%-02.
blue:5=32—-22=(—=3)2—=2%=(—-3)*—(—2)*=3*—(—-2)2
purple: 6=we cannot decide from the study.
violet: 7=4%*—-32=(—4)2—-3%°=(—4)* - (—3)*=4>— (—3)~
red:8=32—-12=(—=3)>—-1*2=(—=3)*—(—1)*=3*— (= 1)~
9=52—42=(—=5)2—-42=(=5)2—(—4)*=5>—(—4)=~
10=we cannot decide from the study.
green: 11=6*—=52=(—6)2—=5°=(—6)2 — (—5)%*=6*>—(—5)%
blue:12=4%—-22=(—4)2-22=(—4)*— (=2 =4>— (—2)~
purple: 13 =7>—62=(—=7)*—=6*=(—=7)* = (—6)*=7*—(—6)~
violet: 14=we cannot decide from the study.
red:15=82—72=(—=8)*—=72=(—-8)* = (=7)*=8*— (=7~
16=4*—-0°=(—4)*—-0*=52—-32=(—=5)>—3*=(—=5)*—(—3)*=5%—(—3)=
17=92—-82°=(—9)2—-82=(—9)* - (—8)2=9%2—(—98)=
green: 18=we cannot decide from the study.
blue:19=10%>—9%=(—10)2—9%=(—10)* - (—9)*=10%*— (—9)=

purple: 20=6%>—4*=(—6)*—4*=(—6)* — (—4)*=6*— (—4)~
violet: 21 =112 —10% = (— 11)2— 102 = (— 11)? — (= 10)> = 112 — ( — 10)2,

4

F
[

3)n € Zn < —1: We are looking if the hyperbola with the equation
2

S o e
g =) W
passes through a point with integers coordinates (x,y) € Z X Z. The graphical analysis area must be enlarged
as a region in the plane to find at least one solution for writing n, if it exists, using (x,y) integer coordinates.
Here, we will increase the symmetric region of the plane [ — 5,5] X [ — 5,5] only partially, relative to Ox,,0y.
and I*t quadrant, i.e. to [0,12] X [0,12], symmetrizing then the solutions found. By searching for n € {
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—21,..,— 2, — 1}, i.e. looking for the colored hyperbolas passing through integer coordinate points, we
observe only some of the possible writing solutions, those from the studied plan region:
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red: —1=0%2—1*2=0%—(—1)=

2=we cannot decide from the study.
—3=12-22=(-1)2=22=(-1)?—=(=2)2=12—(=2)2

green: —4=0%—-2%2=0%—(—2)~

blue: =5=2%2—-32=(—-2)2—-3?=(—=-2)*—(—3)?=22—(—-3)~

purple: —6=we cannot decide from the study.

violet: —=7=32—4*=(—=3)>—4%2=(—=3)* = (—4)*=3%2—(—4)*

red: -8=12-32=(—-1)2-3*=(—-1)>—(—3) =1*—(—3)~
—9=42_-52=(—-4)>-52=(—4)>—(—=5)*=4*— (-5~
—10=we cannot decide from the study.

green:-11=5*—6>=(—=5)2—6>=(—=5)> - (—6)2=5%—(—6)2

blue: —12=22—4*=(—=2)>—4*=(=2)* = (—4)*=2* - (—4)~

purple: —13=62—7*=(—6)*—7*=(—6)>*—(—=7)*=6%—(—7)2

violet: —14 = we cannot decide from the study.

red: —15=7>—-8%2=(—-7)*—=8%2=(—=7) = (—8)*=7*—(—-8)~
—16=02—-42=0*—-(—4)*=32-5°=(—3)2=5=(—3)*—(—=5)*=3%—(—=5)=
—17=8-92=(—-8)2—-92=(—-8)2 - (—9)?=8—(—9)~

green: —18 = we cannot decide from the study.

blue: —19=92—-10%°=(—9)2—10*=(—9)*—(—10)2=9%— (—10)~

purple: —20=42—6%*=(—4)>—6*=(—4)>*—(—6)*=4%*—(—6)>

violet: —21=10%>—112=(—10)*—-11*=(—-10) = (= 11)*=10*— (—11)=

Graphic conclusions: 1) n =0 = (+ x)* — (+ x)* = (+ x)*> — ( F x)3Vx € Z.(10)

2) For n € {1,2,..,21}, partially traversing hyperbolas of equations x* — y? = n (curves with infinite length),
from the point (\/n,O) in the lower left to the upper right direction, we found that the numbers
1,3,4,5,7,8,9,11,12,13,15,16,17,19,20,21
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can be written as x* — y%,(x,y) € Z X Z. In addition, the writing is not unique. Due to the symmetry, it is
sufficient to find the solutions (x,y) € N X N for the equation x* — y* = n, i.e. of those points on Ox,,0y, or
in It quadrant that are on the hyperbola and have coordinates in N.
3) Forn € { — 21,.., — 2, — 1}, partially traversing hyperbolas of equations x* — y* = n (curves with infinite
length), from the point (0,V(-n)) in the lower left to the upper right direction, we found that the numbers
-1,-3,—-4,—-5-7,—-8,—-9,—11,—12,—13,—15,—16,—17,— 19, — 20, — 21
can be written as x* — yz,(x,y) € Z x Z. In addition, the writing is not unique. Due to the symmetry, it is
sufficient to find the solutions (x,y) € N X N for the equation x*> — y* = n, i.e. of those points on 0x,,0y, or
in ISt quadrant that are on the hyperbola and have coordinates in N.
Answer 1.2. Theorem in Number Theory.
a) If the integer n € Z is of the form 2k + 1,k € Z, n = 1(mod 2) or 4k,k € Z, n = 0(mod 4) then n can be
written as n = x* — y*,(x,y) € Z X Z.
b) If is of the form the question remains open.
Sketch of proof. We look for n € Z for which there exists (x,y) € Z X Z such that
n=x*—y?’en=(x—y)(x+y).
vn=2k+1,k€Z(soforn=4k"+1,n=4k'+3,k'€Z,Ix=k+ 1€ Z,3y =k € Zsuch that
n=x%—y>2
vn=4k,k€ZIAx=k+1€Z 3y=k—1€Zsuchthatn=x*—y2
vn =4k + 2, k € Z : the question remains open. We tried
x—y=2,x+y=2k+1=2x=(2k+3)/2) ¢ Zandy=((2k—1)/2) ¢Z.

Remark 1.1. If n = k?, k € Z then there exists the trivial writing solution n = k* — 0% = (—k)? — 02,
If n = —k?, k € Z then there exists the trivial writing solution n = 0% — k* = 0% — ( —k)>.

QUESTION 2. @ = —2. What are integers that can be written as x* —2y??
Answer 2.1. We partially researched, by graphical analysis in a certain region of the plane and algebraic
verification, which of the numbersn e { —21,.., — 2, —1,0,1,2,...,21} can be written as x* —2y~.
1) n = 0: We are looking if the hyperbola that becomes two secant lines, with the equation
x?—2y? = 0(x =V2y or x = —V/2y)
passes through a point with integers coordinates (x,y) € Z X Z. We find: n = 0 = 0> — 2 - 0%.(11)
2)n € Zn > 1: We are looking if the hyperbola with the equation

2 2
x2—2y2=n(:)(x )+( 4 )=1
GWm?) \(Wn/2)?
passes through a point with integers coordinates (x,y) € Z X Z. The graphical analysis area must be enlarged
as a region in the plane to find at least one solution for writing n, if it exists, using (x,y) integer coordinates.
Here, we will increase the symmetric region of the plane [ — 5,5] X [ — 5,5] only partially, relative to Ox,,0y.
and It quadrant, i.e. to [0,12] X [0,12], symmetrizing then the solutions found. By searching for n € {
1,2,..,21}, i.e. looking for the colored hyperbolas passing through integer coordinate points, we observe only
some of the possible writing solutions, those from the studied plan region:
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red:1=12—-2-0°=(—1)2—-2-0°=3*-2-22=(—-3)*-2-22=(—-3)*=-2-(—2)*=3*—
(—2)%
2=22-2-12=(=2)2-2-12=(=2)2=2-(-1)?=22-2-(-1)%?=10%2-2.72
=(—10)*—=2-7*=(—-10)2 =2-(=7)*=10*=2- (=7~
3=we cannot decide from the study.
green:4=22-2-02=(=2)2-2-02=62-2-42=(—6)>—2-42=(—6)*> =2 - (—4)?
=6%—2-(—4)>=
blue: 5=we cannot decide from the study.
purple: 6=we cannot decide from the study.
violet: 7=32-2-12=(=3)2—2-12=(-3)?—2-(-1)?=32-2-(—-1)?2=52-2-32
=(—=5?%-2-32=(=5)?%-2-(=3)*=5%2-2-(—-3)=
red:8=42—-2-22=(—4)2—-2-22=(—4)*=2-(—=2)*=4*-2-(—-2)~
9=32—-02=(—3)2—-0°=9*-2-6*=(—9)?%—-2-6*=(—9)*—-2-(—6)*=9*—-2-
(—6)>.
10=we cannot decide from the study.
green: 11=we cannot decide from the study.
blue: 12=we cannot decide from the study.
purple: 13=we cannot decide from the study.
violet: 14 =42 —2-12=(—4)>—2-12=(—4)>—2-(—-1)*=42-2-(-1)?=82-2.5°
=(—8)2—2-52=(—8)2—-2-(—=5)*=82-2-(—-5)=
red: 15=we cannot decide from the study.
16=4*—-2-0°=(—4)2-2-0%
17=52-2-22=(=5)2-2-22=(=5)2-2-(=2)2=52-2-(=2)2=72-2-42
=(=7)2—=2-4*=(=7)?2=2-(—4)*=7*=-2-(—4)>~
green: 18 =62—-2-32=(—=6)2—=2-32=(—-6)*—=2-(—3)?=6%—2-(—3)2
blue: 19=we cannot decide from the study.
purple: 20=we cannot decide from the study.
violet: 21=we cannot decide from the study.
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3)n € Zn < —1: We are looking if the hyperbola with center (0,0), with the equation

2 2
x2—2y2=n<=—( ad )+( Y ):
W-n?) \-n/2)*
passes through a point with integers coordinates (x,y) € Z X Z. The graphical analysis area must be enlarged
as a region in the plane to find at least one solution for writing n, if it exists, using (x,y) integer coordinates.
Here, we will increase the symmetric region of the plane [ — 5,5] X [ — 5,5] only partially, relative to Ox,,0y.
and I** quadrant, i.e. to [0,12] X [0,12], symmetrizing then the solutions found. By searching for n € {
—21,..,— 2, — 1} i.e. looking for the colored hyperbolas passing through integer coordinate points, we
observe only some of the possible writing solutions, those from the studied plan region:

red: —1=12-2-12=(-1)2-2-12=(-1)?
—2-(-1)?=12-2-(-1)?*=7?2-2.52
=(=7)?%-2-52=(=7)?%*=2-(=5)?*=7*-2-(=-5)=

2=02-2-12=02-2-(-1)2=4%2-2-32=(—4)2—-2-32=(—4)2—2-(=3)?

—2-(=3)~

—3=we cannot decide from the study.
green: —4=2%2—-2.22=(—=2)2—=2-2*=(—=2)2=2-(—=2)*=2%2-2-(—-2)~
blue: —5=we cannot decide from the study.
purple: —6=we cannot decide from the study.
violet: —7=52-2.42=(-5)2-2-42=(-5)2-2-(—4)?=52-2-(—4)?2=11%2-2 82
=(—11)>—=2-8*=(—11)%*-2- (- 8)2—112 2-(—8)=2
red: —=8=0%—-2-22=02—-2-(—2)2=8°—-2:6*=(—8)>—2-6*°=(—8)>—2-(—6)*=8*>—-2"-
(—6)~

—9=32-2-32=(—-3)2-2-3*=(—=-3)*=2-(—=3)*=3%2-2-(—-3)~

—10=we cannot decide from the study.
green: —11=we cannot decide from the study.
blue: —12=we cannot decide from the study.
purple: —13=we cannot decide from the study.
violet: —14=22-2-32=(-2)2-2-32=(=-2)2—-2-(—=3)?=22-2-(—-3)?=6%—-2-52
=(—6)2—2-52=(—6)2—=2-(=5)*=6%2—2-(—=5)=
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red: —15=we cannot decide from the study.
—16=02-2-42=02-2-(—4)>=4%2-2-42=(—4)2—-2-4°=(—4)2 =2 - (—4)?
=42 _2.(—4)%

—17=12-2-32=(-1)2-2-32=(-1)%?-2-(-3)?=12-2-(-3)2=92-2.72
=(—9)2%—=2-7*=(—=9)2%=2-(=7)?*=9* -2 -(=7)~
green: —18=0%>—2-3=0%2—-2-(—3)~%
blue: —19=we cannot decide from the study.
purple: —20=we cannot decide from the study.
violet: —21=we cannot decide from the study.

Graphic conclusions:

1)n=0=0%*—2-0%(12)

2) Forn € {1,2,..,21}, partially traversing hyperbolas of equations x> — 2y* = n (curves with infinite length),

from the point (\/n,O) in the lower left to the upper right direction, we found that the numbers
1,2,4,7,8,9,14,16,17,18

can be written as x* — 2vy*,(x,y) € Z X Z. In addition, the writing is not unique. Due to the symmetry, it is

sufficient to find the solutions (x,y) € N X N for the equation x* — 2y* = n, i.e. of those points on 0x,,0y, or

in It quadrant that are on the hyperbola and have coordinates in N.

3)Forn € { —21,.., — 2, — 1}, partially traversing hyperbolas of equations x? — 2y? = n (curves with infinite

length), from the point (O,\/( —n)) in the lower left to the upper right direction, we found that the numbers

-1,-2,—4,—-7,—8,—9,—14,—16,—17,— 18

can be written as as x* — 2y?,(x,y) € Z x Z.. In addition, the writing is not unique. Due to the symmetry, it is

sufficient to find the solutions (x,y) € N X N for the equation x?— 2y2 =n, i.e. of those points on 0x,,0y, or

in I*t quadrant that are on the hyperbola and have coordinates in N.

QUESTION 3. Certain a < 0. What are integers that can be written as x* + ay??

Answer 3.1. Graphical analysis and algebraic verification become difficult for large values of |a|>0 and |n|>0.
For the the prime number n =p > 0, or n = p < 0 the reader can look in the bibliography below (lonascu,
Patterson [7])

. a=0

QUESTION 1. a = 0. What are integers that can be written as x* + 0 - y*?

Remark. Solution. Since x* + 0 - y* > 0,V(x,y) EZ X Z > n € Z, n < 0 cannot be written as x* + 0 - y?, (x,y)
€EZ XL

We look for n € Z,n = 0 for which there is (x,y) € Z x Z such thatn = x* + 0 - y*.

Answer 1.1. We partially researched, by graphical analysis in a certain region of the plane and algebraic
verification, which of the numbers n € {0,1,2,..,21} can be written as x* + 0 - y*.

1) n = 0: We are looking if the two coincident lines, with the equation x? = 0<x = 0 passes through a point
with integers coordinates (x,y) €EZ X Z. We find:n=0=0*+0-0=0%+0 - y*Vy € Z.

2) n € Z,n > 1: We are looking if the lines with the equation x* + 0 - y* = ne (x = Vnorx= —\/n) passes
through a point with integers coordinates (x,y) € Z X Z. By searching for n € {1,2,..,21}, i.e. looking for the
colored lines passing through integer coordinate points, we observe only some of the possible writing
solutions, those from the studied plan region:

red:1=124+0-y*=(—1)240-y*y€eZ
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2 it cannot be written as x? + 0 - y?, i.e. there is no integer coordinate point (x,y) located on the lines
of equations x = V2 orx=—/2.
3 it cannot be written as x* + 0 - y?, i.e. there is no integer coordinate point (x,y) located on the lines
of equations x = V3 orx =—/3.
green:4=2240-y*=(—-2)2+0-y*y€Z
blue: 5 it cannot be written as x* + 0 - ¥, i.e. there is no integer coordinate point (x,y) located on the lines of
equations x = V5 or x = —/5. v
purple: 6 it cannot be written as x* + 0 - y*...
violet: 7 it cannot be written as x? + 0 - y?, i.e. there is
no integer coordinate point (x,y) located on the lines N
of equations x = V7 orx = —/7.
red: 8 it cannot be written as x* + 0 - y2...
9=3240-y*=(—3)2+0-y*y€Z
10 it cannot be written as x* + 0 - y*...
green: 11 it cannot be written as x* + 0 - y2... , 1 .
blue: 12 it cannot be written as x* + 0 - y2... ' ' | IR
purple: 13 it cannot be written as x* + 0 - y%... &
violet: 14 it cannot be written as x* + 0 - y*...
red: 15 it cannot be written as x* + 0 - y2...
16=44+0-y*=(—4)*+0-y’y€eZ
17 it cannot be written as x? + 0 - y2...

green: 18 it cannot be written as x*+0-y2...

blue: 19 it cannot be written as x* + 0 - y2...
purple: 20 it cannot be written as x* + 0 - y?...
violet: 21 it cannot be written as x* + 0 - yZ...

Graphic conclusions: For n € {1,2,..,21}, partially traversing hlines of equations x* + 0 - y* = n (curves with
infinite length), from bottom to top direction, we found that the numbers

1,4,9,16
can be written as x* + 0 - y%,(x,y) € Z X Z. In addition, the writing is not unique (13)
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