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The subject: 
When you play the chess, a king can attack any piece placed in an adjacent square, either 

horizontally, vertically, or in diagonal. Find the number of ways in which ݊ non-attacking kings can be 
placed on a ʹݔʹ݊ chess board. 

The solutions found: 
We have to prove that we can place ʹ�ሺ݊ + ͳሻ, for ݊ ≥ ͳ non-attacking kings on a ʹݔʹ݊ chess 

board, were „non-attacking kings” means that the kings are not attacking each other. 
 

 

I. First method(1). 

We divide the chess board in n squares of the type 2x2. 
First, we place the kings on the first column for each square. For every square we have two 

possibilities to put the kings in this way. The number of the cases is ૛ · ૛ ∙ ૛ ∙ … .∙ ૛ = ૛� 

•  •  ……………… •  •  

•  •  ………………. •  •  

 

Then, we move the king which is placed on the last square on the second column. 
 We have ૛ · ૛ ∙ ૛ ∙ … .∙ ૛ = ૛� possibilities, too.  

•  •  ……………… •   • 

•  •  ………………. •   • 

 

After we have done that we also move the king from the (n-1)th square on the second column. 
Again, we will have ૛ · ૛ ∙ ૛ ∙ … .∙ ૛ = ૛� possibilities 

•  •  ………………  •  • 

•  •  ……………….  •  • 
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We will repeat this method until every king from each square will be placed on the second 
column. We will also have ૛�solutions.  
 

 •  • ………………  •  • 

 •  • ……………….  •  • 

 

So, for every case we have ૛�possibilities. There are n+1 cases, so we have ૛� ∙ ሺ� + ૚ሻ ways to 
place n non-attacking kings on a ʹݔʹ݊ chess board. 

 

II. Equation of induction(2) 

We name ܽ�the number of possibilities for placing ݊ kings on a ʹݔʹ݊ board. 
We want to find an equation between ܽ�, ܽ�+ଵ ܽ݊݀ ܽ�+ଶ. 
The total number of cases for ݊ + ʹ kings is  ܽ�+ଵ ∙ Ͷ, including the cases in which the kings attack 

each other, because for each way we place the first ݊ + ͳ kings we can place the ሺ݊ + ʹሻth in 4 different 
ways: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We have to consider the cases in which the (n+1)th king and (n+2)th king attack each other. 
For each way we place the first n kings in ܽ�cases, we have 4 ways to place the last two ones so that 

they attack each other, because the (2n+2)th king will attack the (2n+3)th king(3). 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 1 2   …..      2n+2 2n+3 2n+4  

1  … •   

     2                    …    

 1 2   …..      2n+2 2n+3 2n+4  

1  …  •  

     2                    …    

 1 2   …..      2n+2 2n+3 2n+4  

1  …    

     2                    … •   

 1 2   …..    2n+2 2n+3 2n+4  

1  …    

     2                    …  •  

 1 2…..2n+1 2n+2 2n+3 2n+4  

1                … • •   

     2                …     

  

1 

 

2…..2n+1 

 

2n+2 

 

2n+3 

 

2n+4 

 

1                … •    

     2                …  •   

  

1 

 

2…..2n+1 

 

2n+2 

 

2n+3 

 

2n+4 

 

1                …  •   

     2                … •    
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So, we have to substract Ͷ ∙ ܽ� (the number of cases in which the kings attack each other). 
Therefore, the number of ways we can place n+2 kings is  ܽ�+ଶ = Ͷ ∙ ܽ�+ଵ − Ͷ ∙ ܽ� ⇒ ��+૛ = � ∙ ሺ��+૚ − ��ሻ 

 

 

III. Second method(4) 

 

 

 

 

 

We can place a king in any row: (1,1), (1,2), (2,1), (2,2) ⇒ Ͷ ݏ݁�ݐ�݈�ܾ�ݏݏ݋݌ 

 

 

 

 

 

We can place two kings in 12 ways, and no attack: (1,1) and (1,3), (1,1) and (1,4), (1,1) and (2,3), (1,1) 
and (2,4), (1,2) and (1,4), (1,2) and (2,4), (2,1) and (1,3), (2,1) and (1,4), (2,1) and (2,3), (2,1) and (2,4), 
(2,2) and (1,4),(2,2) and (2,4).(5) 

We want to prove that ݌ሺ݊ሻ: ܽ� = ʹ� ∙ ሺ݊ + ͳሻ is true, where ܽ� is the number of possibilities 
which n kings are not attacking each other, can be placed on a chess board ʹ ∙ :ሺͳሻ݌ :݊ʹ     ܽଵ = ʹଵ ∙ ሺͳ + ͳሻ = Ͷ possibilities ݌ሺʹሻ:     ܽଶ = ʹଶ ∙ ሺʹ + ͳሻ = ͳʹ possibilities ݌ሺͳሻ and ݌ሺʹሻ are true 

We suppose that ݌ሺ݇ሻ and ݌ሺ݇ + ͳሻ are true, ݇ ∈ ℕ\{Ͳ}ሺ͸ሻ ݌ሺ݇ሻ:     ܽ� = ʹ� ∙ ሺ݇ + ͳሻ possibilities (1) ݌ሺ݇ + ͳሻ:   ܽ�+ଵ = ʹ�+ଵ ∙ ሺ݇ + ʹሻ possibilities (2) 
We want to demonstrate that ݌ሺ݇ + ʹሻ is true, ݇ ∈ ℕ\{Ͳ}ሺ͹ሻ ݌ሺ݇ + ʹሻ ∶ ܽ�+ଶ = ʹ�+ଶ ∙ ሺ݇ + ͵ሻ 

We know that ܽ�+ଶ = ሺܽ�+ଵ − ܽ�ሻ ∙ Ͷ (**) 
We are replacing (1) and (2) in (**) ⇒ ܽ�+ଶ = [ʹ�+ଵ ∙ ሺ݇ + ʹሻ − ʹ� ∙ ሺ݇ + ͳሻ] ∙ Ͷ ⇒ ܽ�+ଶ = ʹ� ∙ ሺʹ݇ + Ͷ − ݇ − ͳሻ ∙ Ͷ ⇒ ܽ�+ଶ = ʹ� ∙ ሺ݇ + ͵ሻ ∙ Ͷ ⇒ ܽ�+ଶ = ʹ�+ଶ ∙ ሺ݇ + ͵ሻ, ݇ ∈ ℕ\{Ͳ} ⇒ ሺͺሻ ⇒ ሺ݇݌ + ʹሻ �ݎ݋݂ ݁ݑݎݐ ݏ ݇ ∈ ℕ\{Ͳ}ሺͻሻ ⇒ ݊ ݎ݋݂ ݁ݑݎݐ ݏ�ሺ݊ሻ݌ ∈ ℕ\{Ͳ} 

(10) 
IV. Third method(11) 

We know that: ܽଵ=4 and ܽଶ=12 and ܽ�+ଶ = Ͷ ∙ ܽ�+ଵ − Ͷ ∙ ܽ�, ݊ ≥ ͳ ⇔ ܽ�+ଶ − ʹ ∙ ܽ�+ଵ = ʹ ∙ ሺܽ�+ଵ − ʹ ∙ ܽ�ሻ �݁ ݊݁ݐ݋  ∶     ��+૚ − ૛ ∙ �� = ��, ݊ ≥ ͳ      ⇒ ܽ�+ଶ − ʹ ∙ ܽ�+ଵ = ⇒ ଵ+�ݕ ��+૚ = ૛ ∙ ��, ݊ ≥ ͳ 

If ݊ = ͳ ⇒ ଵݕ  = ܽଶ − ʹ ∙ ܽଵ = ͳʹ − ͺ = Ͷ ⇒ ଵݕ  = Ͷ           ݕ� = ʹ ∙ ଵ−�ݕ                           ⇒ �ݕ              = ʹ ∙ ଵ−�ݕ           ଵ−�ݕ = ʹ ∙ ⎸ଶ−�ݕ ∙ ʹଵ             ⇒ ʹଵ ∙ ଵ−�ݕ  = ʹଶ ∙ ଶ−�ݕ           ଶ−�ݕ = ʹ ∙ ⎸ଷ−�ݕ ∙  ʹଶ            ⇒  ʹଶ ∙ ଶ−�ݕ = ʹଷ ∙  ଷ−�ݕ

. 

 1      2 

1    

     2    

 1 2      3    4 

1     

     2     
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ଶݕ           . = ʹ ∙ ⎸ଵݕ  ∙  ʹ�−ଶ                ⇒ ʹ�−ଶ ∙ ଶݕ = ʹ�−ଵ ∙  ଵݕ

Summing these equations, we will have: ݕ� = ʹ�−ଵ ∙ ଵݕ ଵ, whereݕ = Ͷ �ݕ ⇒ = ʹ�−ଵ ∙ Ͷ ⇒ �� =  ૛�+૚ , ݊ ≥ ͳ So , ܽ�+ଵ − ʹ ∙ ܽ� = ʹ�+ଵ ⇒ ܽ�+ଵ = ʹ�+ଵ + ʹ ∙ ܽ�    ⇒ ܽ� = ʹ ∙ ܽ�−ଵ + ʹ�                           ⇒            ܽ� = ʹ ∙ ܽ�−ଵ + ʹ� ܽ�−ଵ = ʹ ∙ ܽ�−ଶ + ʹ�−ଵ⎸ ∙ 21         ⇒ ʹଵ ∙ ܽ�−ଵ = ʹଶ ∙ ܽ�−ଶ + ʹ�
 

 ܽ�−ଶ = ʹ ∙ ܽ�−ଷ + ʹ�−ଶ ⎸ ∙ 22         ⇒ ʹଶ ∙ ܽ�−ଶ = ʹଷ ∙ ܽ�−ଷ + ʹ� 

. 

.           ܽଶ = ʹ ∙ ܽଵ + ʹଶ ⎸ ∙ ʹ�−ଶ                ⇒ ʹ�−ଶ ∙ ܽଶ = ʹ�−ଵ ∙ ܽଵ +  ʹ� 

Summing these equations, we will have:         ܽ� = ʹ�−ଵ ∙ ܽଵ +  ʹ� ∙ ሺ݊ − ͳሻ ⇒ ܽ� = ʹ�−ଵ ∙ ሺͶ + ʹ݊ − ʹሻ ⇒ ܽ� = ʹ�−ଵ ∙ ሺʹ݊ + ʹሻ ⇒ �� = ૛� ∙ ሺ� + ૚ሻ, � ≥ ૚ 

 

 

 

 

Notes d’édition 

;ϭͿ ‘atheƌ: ͚͛Fiƌst ĐoŵputatioŶ͛͛ 
;ϮͿ ‘atheƌ: ͚͛IŶduĐtioŶ ƌelatioŶship͛͛ 
;ϯͿ ‘atheƌ: ϮŶ+ϭ aŶd ϮŶ+Ϯ 

;ϰͿ This is Ŷot  a diƌeĐt pƌoof of the ĐoŵputatioŶ of paƌt I as oŶe aƌe usiŶg the ƌeĐuƌƌeŶĐe ƌelatioŶ of Paƌt II. 
OŶe Đould ŶotiĐe that the ĐoŵputatioŶ ŵade iŶ paƌt I do Ŷot shoǁ that all the Đases aƌe desĐƌiďed ďǇ this ǁaǇ,  
so ǁe ĐaŶŶot ďe suƌe that the paƌt I Đoŵpute all Đases.  
The paƌt II ǁill ďe useful to get a Đoŵplete aŶsǁeƌ of this pƌoďleŵ. 
As a ĐoŶĐlusioŶ, oŶe eǆpeĐt that the ǀalue  of aŶ is the saŵe as the Ŷuŵďeƌ ǁhiĐh is Đoŵputed iŶ paƌt I. This is 
the goal of paƌt III. 
;ϱͿ  This Đase is Ŷot ǀeƌǇ useful, aŶd does Ŷot eǆplaiŶ ǁhǇ  all the Đases aƌe desĐƌiďed. The ŶiĐe eǆplaŶatioŶ iŶ 
paƌt ϭ Đould ďe used iŶstead. 
;ϲͿ Soŵe ƌedaĐtioŶal ƌeŵaƌk : ǁe haǀe to ďe a little ďit ŵoƌe Đaƌeful : ͚͛fiƌst Đhoose k iŶ N*, theŶ suppose pk aŶd 
p;k+ϭͿ.͛ ͛ 
;ϳͿ This is useless 

;ϴͿ These  ϱ pƌeĐeediŶg sigŶs ⇒ aƌe useless 

;ϵͿ We should ǁƌite: theŶ p;k+ϮͿ is tƌue. Theƌefoƌe, ǁe haǀe shoǁŶ that p;ŶͿ is tƌue foƌ all Ŷ iŶ N* 

;ϭϬͿA ĐoŶĐlusioŶ ǁould haǀe ďeeŶ ŶiĐe. The pƌoďleŵ iŶtƌoduĐed at the ďegiŶŶiŶg. It should ďe iŶteƌestiŶg to 
thiŶk aďout ĐoŶŶeĐted ƋuestioŶs.  
Foƌ eǆaŵple, ǁhat happeŶs if ǁe ĐhaŶge the foƌŵ of the Đhess ďoaƌd, aŶd take a sƋuaƌe? What happeŶs ǁith 
kŶights iŶstead of kiŶgs? … 

;ϭϭͿ This paƌt is dealiŶg ǁith teĐhŶiĐal ĐoŵputatioŶs. Theƌe is Ŷo geŶeƌalizatioŶ Ŷeitheƌ soŵe otheƌ ĐoŵŵeŶt 
aďout eǆteŶsioŶ of this pƌoďleŵ. This Đould ďe Ŷoǁ doŶe ďǇ the ƌeadeƌ. 
 

 


