Cet article est rédigé par des éleves. Il peut comporter des oublis et imperfections,
autant que possible signalés par nos relecteurs dans les notes d'édition.
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The subject:

When you play the chess, a king can attack any piece placed in an adjacent square, either
horizontally, vertically, or in diagonal. Find the number of ways in which n non-attacking kings can be
placed on a 2x2n chess board.

The solutions found:

We have to prove that we can place 2™ (n + 1), for n = 1 non-attacking kings on a 2x2n chess
board, were ,,non-attacking kings” means that the kings are not attacking each other.

L First method(1).

We divide the chess board in n squares of the type 2x2.
First, we place the kings on the first column for each square. For every square we have two

possibilities to put the kings in this way. The number of the casesis 2 -2-2-....-2 = 2"

Then, we move the king which is placed on the last square on the second column.
Wehave 2 -2-2-....- 2 = 2" possibilities, too.

After we have done that we also move the king from the (n-l)th square on the second column.
Again, we will have 2 - 2 - 2 - ....- 2 = 2" possibilities
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We will repeat this method until every king from each square will be placed on the second
column. We will also have 2™solutions.

So, for every case we have 2™possibilities. There are n+1 cases, so we have 2™ - (n + 1) ways to
place n non-attacking kings on a 2x2n chess board.

II. Equation of induction(2)

We name a,the number of possibilities for placing n kings on a 2x2n board.

We want to find an equation between a,,, a1 and a, ;.

The total number of cases for n + 2 kings is a, 4 * 4, including the cases in which the kings attack
each other, because for each way we place the first n + 1 kings we can place the (n + 2)™ in 4 different
ways:

1 2 ... 2nt2 2n+3  2nt+4
1 .
2

1 2 ... 2nt2 2n+3  2nt+4
1 .
2

1 2 ... 2nt2 2n+3  2nt+4
1
2 .

1 2 ... 2nt2 2n+3  2nt+4
1
2 .

We have to consider the cases in which the (n+1)th king and (n+2)th king attack each other.
For each way we place the first n kings in a, cases, we have 4 ways to place the last two ones so that
they attack each other, because the (2n+2)" king will attack the (2n+3)" king(3).

1 2....2n+1 2n+2 2n+3 2nt4
1 . .
2

1 2....2n+1 2n+2 2n+3 2nt+4
1 .
2 R

1 2....2n+1 2n+2 2n+3 2nt+4
1 .
2 .
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So, we have to substract 4 - a,, (the number of cases in which the kings attack each other).
Therefore, the number of ways we can place n+2 kings is
Apiz =4 Api1 =40, 2 Apyp =4 (Apy — Q)

III.  Second method(4)

1 2

We can place a king in any row: (1,1), (1,2), (2,1), (2,2) = 4 possibilities
1 2 3 4

1

2

We can place two kings in 12 ways, and no attack: (1,1) and (1,3), (1,1) and (1,4), (1,1) and (2,3), (1,1)
and (2,4), (1,2) and (1,4), (1,2) and (2,4), (2,1) and (1,3), (2,1) and (1,4), (2,1) and (2,3), (2,1) and (2,4),
(2,2) and (1,4),(2,2) and (2,4).(5)

We want to prove that p(n): a,, = 2™ - (n + 1) is true, where a,, is the number of possibilities
which n kings are not attacking each other, can be placed on a chess board 2 - 2n:

p(1): a, =2'-(1+ 1) = 4 possibilities
p(2): a, =2?-(2+ 1) = 12 possibilities
p(1) and p(2) are true

We suppose that p(k) and p(k + 1) are true, k € N\{0}(6)

p(k): a = 2% (k + 1) possibilities (1)

p(k +1): agy, = 281 (k + 2) possibilities (2)

We want to demonstrate that p(k + 2) is true, k € N\{0}(7)
p(k +2) ¢ ayyp = 2% (k + 3)

We know that ag,, = (age1 — ax) - 4 (*%)

We are replacing (1) and (2) in (**) =
Apip = 281 (k+2) =2k (k+D]-4>
iz =2 QRk+4—-k—-1)-4>
Apip =2F-(k+3)-4>
Apip = 272+ (k + 3),k € N\{0} = (8)
= p(k + 2) is true for k € N\{0}(9) = p(n)is true for n € N\{0}

(10)

IV.  Third method(11)

We know that: a;=4 and a,=12 and a,,, =4 a4 —4-a,,n=>1
S Apiz =2 Apy1 =2 (Apy1 — 27 ap)
Wenote : apy1—2-a,=y,n=1
= Apiz — 27 Api1 = Yo
= Yni1 =2 Ypn =21
fn=1=>y,=0,—2a,=12-8=4= y, =4

Yn=2"Yn1 . = ) ynzzz'yn—l
yn—lzz'yn—2| "2 =2 Yp-1=2""Yn

Yn-2 = 2 'yn—3’ - 22 = 22 "Yn-2 = 23 "Yn-3
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Y2 =2y - 2"72 = 2"y, =20y
Summing these equations, we will have:
Y, =2"1-y, wherey, =4 =
yo=2"1 4>y, =2 n>1
So,ap41— 2 a, =2"t>q,, , =2"14+2-q,
>a,=2"a,_1+2" = a, =2-a,_1+2"
Aoy =2y, +2"7Y 2" =2V-q,,=2%a, ,+2"

An_p =2 ap_3+ 2n—2| -2 = 2%- an—2 = 23 - An-3 + 2"

a, =2-a, +2?%| -2"2 =52 2.q,=2"1.q, + 27
Summing these equations, we will have:

a, =2"1 g+ 2" n-1)=>a,=2"1-4+2n-2)>
a,=2"12n+2)=>a,=2""(n+1)n=1
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